It is useful to have the ability to analyze the propagation of errors from transmission data into the resulting attenuationcorrected emission reconstruction PET. We develop theoretical expressions for the mean and covariance of the emission reconstruction when the only noise source is that in the transmission data. There are several ways to impose an attenuation correction onto the PET reconstructions, but here we theoretically analyze two cases: (1) A linear (on log data) transmission reconstruction is reprojected to get an ACF (Attenuation Correction Factor) estimate which is then used in a linear emission estimate. (2) PET reconstruction is a nonlinear estimate based on maximizing a regularized likelihood objective, and attenuation is modeled directly in the objective function. A validation study is presented for the mean and covariance expressions for case (1).
I. INTRODUCTION
Reconstruction of transmission tomographic (TT) data is needed for attenuation correction (AC) in emission tomographic (ET) reconstruction in PET and SPECT. There are a variety of ways to perform AC in PET, but a central feature of all the correction schemes is that the high noise in the TT projection data is transferred to the PET reconstruction, thus, potentially lowering image quality. Hence there is an image quality tradeoff between the benefits of AC and the attendant "extra" noise due to AC itself. Given the magnitude of errors in AC, an analysis of the propagation of noise from TT reconstruction into ET reconstruction is very important and useful, for example, in designing better TT reconstruction methods [1, 2] or optimizing the scan time between TT and ET in post-injection PET [3] . An AC-corrected PET scan has a variety of sources of noise that gets propagated into the reconstruction. In this work, we consider only ET and TT photon noise in our theoretical expressions, and in some instances, assess the effects of TT noise only, implicitly assuming a limiting case of noiseless ET projection data.
A. Notation
We will use vector component notation, with lowercase bold quantities indicating a vector. Given vectors ¡ and ¢ , then £ ¥ ¤ is a vector whose components are ¦£ ¥ ¤ § © £ , the product 
We use the notation X G R to designate an operator, and X a matrix, with X Y ) its transpose.
B. Imaging Model
Let`and a be the emission and transmission data, here represented as vectors of size b c e d , and let
To see if Eq. (7) is a good approximation, consider a typical thorax cross section with dimensions of 20cm by 30cm and PET appropriate attenuation coefficients for soft tissue (0.096"
, and lung (0.024cmH
for such a realistic thorax phantom reconstructed by a ramp filtered FBP shows, in fact, that the quantities are mostly less than 0.1 as illustrated in Fig. 1 .
The covariance of the ET reconstruction given w and
becomes, using Eqs. (7) and (8):
Eqs. (8) and (9) are the main results for this section.
Note that ¢ E can be any linear reconstruction operator, but for the familiar FBP, 
B. Validation
For validation, we compare results derived from sample estimates with those of theory expressions Eqs. (8), (9) . We make use of the 32 c 32 coregistered transmission thorax phantom ( Fig.2(a) ) and emission phantom ( Fig.2(b) ). Both have a pixel size of 1.6cm. The TT phantom w (comprising lung and soft tissue) is simulated at 511KeV PET energies, using 900K counts. The TT projection has 48 radial bins and 33 angles over 180F . The relative values of emission phantom f are also simulated to be consistent with a 511KeV PET FDG study in thorax [1] . For ET data, we consider attenuation as the only physical effect. For TT, we will use the ramp-FBP applied to the log corrected data:
where the FBP reconstruction
is one instance of a general linear operator ¢ T . For the ET reconstruction, we also use the
where the FBP (
) is here again one instance of a general linear operator
show anecdotal TT and ET reconstructions, respectively.
1) TT Theory Expression
For the theory in Eqs. (8) and (9), we need specific expressions for w and ¡ w . Consider a first-order Taylor expansion about a for a general TT reconstruction 
From Eq.(12), the mean reconstruction is simply the reconstruction of noiseless data, w w
Using Eqs. (12)(13)(14), the covariance becomes
where we used the fact that s diag3 a m 5 . Given f and w , we may then use Eqs. (14) and (15) to directly compute the ET statistical properties as given in Eqs. (8) and (9).
2) TT Validation
We performed a separate validation for Eqs.(14) and (15). To do this, we made a set of TT reconstructions of the phantom in Fig.2 The sample mean and approximate theoretical mean of the FBP TT reconstructions are shown in Figs. 3 (a) and (b) , respectively, and a profile along the central row of Figs. 3 (a) and (b) is shown in Fig. 4(a) . The result demonstrates the close agreement between the sample mean and theoretical mean of Eq.(14). Figure 3 shows the TT variance images of (c) sample results and (d) theoretical results for the FBP reconstructions. A profile plot in Fig. 4(b) of the sample variance and theoretical variance along the central row illustrates the good correspondence of theory and sample estimates. 
3) ET Validation
To validate Eqs. To compute the theoretical mean of Eq. (8), we make use of the theoretical TT mean w in Eq. (14), forward project 3 w T S w 5 , and then plug into Eq. (8) using Figures 5(a)(b) show f 3 k 5 calculated using the 7-step sample method vs. the theory method Eq. (8) . A profile plot showing good correspondence is shown in Fig.6(a) along the central row.
The ET variance for pixel and Eq. (15) as follows:
where 
III. NOISE PROPAGATION IN NON-LINEAR ET RECONSTRUCTION
Non-linear regularized likelihood ET reconstruction methods based on a Poisson noise model have drawn much attention due to their many nice properties. In this case, the reconstruction f is a non-linear estimator obtained as the maximization of the objective,
where a smoothing regularizer [2] with positive weight £ and Hessian ¥ has been used. The system matrix includes the attenuation map via the factorization h diag3 4 £ H Q P w 5 A E . Since one doesn't know w , one can use an estimate w (from a TT reconstruction). The uncertainty in w thus appears as a model error in the system matrix in the approach here.
If both emission and transmission photon noise are accounted for as sources of uncertainty in f , then one can rephrase the reconstruction problem as:
where X E G R is a non-linear operator implemented as some maximization algorithm, the TT photon noise is accounted for in w , and the ET photon noise in projection data (now noisy!) . The noise in w can be traced back to ¥ T , the Poisson noise in TT data, but here we assume w and ¡ w are given.
Since X E G R is non-linear, it is difficult to compute its noise properties exactly. One can linearize X E G R by truncating the Taylor series at the first order around the means , and w :
Given w and f , the first order approximations to the mean and covariance of f are then
and
In Eq.(21), the mean ET reconstruction is seen to be the reconstruction using the mean TT reconstruction and mean emission data. In Eq. (22), we assumed the independence ofà nd w , given w .
While Eqs. (21) and (22) account for both types of photon noise, we now consider the case of noise due to w only and assume a noiseless ET data`. Therefore, the objective becomes )
One challenge in implementing the approximate covariance in Eq. (25) is to compute the first derivative matrix X E ¡ w G w R .
Since X E ¡ w is an implicit estimator, we can use results in [8] to express X 
is a vector of all " 's. The second-order partial derivatives of the regularized Poisson objective evaluated at their means turn out to be 3(
IV. DISCUSSION
We have presented the approximate mean and covariance of two attenuation-corrected ET reconstructions with the crossmodality noise propagation from TT data into PET. We assumed a noiseless ET sinogram data. However, the analysis can be extended for the case with noise from both TT and ET data. We validated our theoretical expressions for the case in Sec.II, and in future work, will validate the expressions in Sec III.
In [1, 2] we attempted to analyze the efficacy of new TT reconstruction methods in a task context of detecting a weak lesion in an AC-corrected ET reconstruction. We used mathematical observers, but there were suboptimal, and observers [9] that track human performance and make use of the expressions developed above, may end up being applicable here.
Related work was reported in [4] , wherein FBP TT and ET algorithms were assumed, and only TT noise is considered. The special case of a disk emission phantom with uniform attenuation was analyzed. Erdogan and Fessler [3] analyzed the TT noise propagation for application in TT/ET scan time optimization. For both emission and transmission photon noise, they analyzed cases corresponding to row 1, cols 1 and 3 of table 1. In [5] a derivation of our Eq.(9) appears for the case corresponding to row 1 col 3 of table 1. In [6] , the authors analyze a case where both emission and transmission photon noise was considered, and the noise propagation scenario was that of row 2 col 1 of table 1.
The analysis here is motivated by the fact that transmission dose, delivered as an external radioactive source in ACcorrected PET, is limited by several practical concerns. Recent developments in incorporating X-ray tube sources into PET scanners for transmission scanning may obviate these TT dose limits, however.
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